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9.3.1

SEQUENCES AND THE BINOMIAL THEOREM

EXERCISES

For a link to all of the additional resources available for this section, click OSttS Chapter 9 materials.

For help with Exercises 1 - 7, click on the resource below:

e Example proofs by induction

In Exercises 1 - 7, prove each assertion using the Principle of Mathematical Induction.

1.

10.

+1)(2n+1)
ZJ 5

. 2" > 500n for n > 12

3" >nd forn >4

Use the Product Rule for Absolute Value to show |z"| = |z|" for all real numbers x and all
natural numbers n > 1

. Use the Product Rule for Logarithms to show log (z™) = nlog(z) for all real numbers x > 0

and all natural numbers n > 1.

a 01" a" 0
[0 b] _[O bn]fornzl.

. Prove Equations 9.1 and 9.2 for the case of geometric sequences. That is:

(a) For the sequence a, = a, an,; = ra,, n > 1, prove a, = ar™ ', n > 1.
- 1—r" -

b) Zar”fl :a< = >, ifr#£1, Zar”fl =na, ifr=1.
=1 j=1

Prove that the determinant of a lower triangular matrix is the product of the entries on the
main diagonal. (See Exercise 8.3.1 in Section 8.3.) Use this result to then show det (I,,) =1
where I, is the n x n identity matrix.

Discuss the classic ‘paradox’ All Horses are the Same Color problem with your classmates.



http://www.ostts.org/PreCalc9.html
http://www.ostts.org/resourcedisplay.php?objid=899
http://en.wikipedia.org/wiki/All_horses_are_the_same_color
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9.3.2 SELECTED ANSWERS

n(n+1)2n+1)

n
1. Let P(n) be the sentence Z]Q = 6

j=1

. For the base case, n = 1, we get
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Using P(k)

k(k+41)(2k + 1) N 6(k+1)% 2 (k+1)(k+2)(2k+3)

k(k+1§(2k+1)+6(ki1)2 7 (/@+1)(k+62)(2k+3)
(k+1)(k(2k+61)+6(k+1)) 2 (k+1)(kf2)(2k+3)
(k+ 1)6(2k2 +Tk+6) ¢ (k+1)(k f2)(2k +3)
(k:+1)(k+22)(2k:+3) _ (k:+1)(l<:+22)(2k+3)\/

nn+1)2n+1)
6

n
By induction, ij =
j=1

is true for all natural numbers n > 1.

4. Let P(n) be the sentence 3" > n®. Our base case is n = 4 and we check 3% = 81 and
43 = 64 so that 3* > 43 as required. We now assume P(k) is true, that is 3* > k3, and
try to show P(k + 1) is true. We note that 3! = 3.3F > 3k3 and so we are done if
we can show 3k® > (k + 1)3 for k > 4. We can solve the inequality 3z% > (2 + 1)3 using

the techniques of Section 5.3, and doing so gives us z > —2+— ~ 2.26. Hence, for k > 4,

V3-1
3F+1 =3.3% > 3k3 > (k4 1)3 so that 3**! > (k4 1)3. By induction, 3" > n? is true for all
natural numbers n > 4.
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6. Let P(n) be the sentence log (z") = nlog(z). For the duration of this argument, we assume

z > 0. The base case P(1) amounts checking that log (z') = 1log(x) which is clearly true.
Next we assume P(k) is true, that is log (z*) = klog(z) and try to show P(k + 1) is true.
Using the Product Rule for Logarithms along with the induction hypothesis, we get

log (ka) = log (mk . .TU) = log (xk> + log(z) = klog(x) + log(x) = (k + 1) log(x)

Hence, log (z") = (k + 1) log(x). By induction log (™) = nlog() is true for all z > 0 and
all natural numbers n > 1.

. Let A be an n x n lower triangular matrix. We proceed to prove the det(A) is the product of

the entries along the main diagonal by inducting on n. For n =1, A = [a] and det(A) = a,
so the result is (trivially) true. Next suppose the result is true for k x k lower triangular
matrices. Let A be a (k+ 1) x (k+ 1) lower triangular matrix. Expanding det(A) along the
first row, we have

det(A) = Z a,,Cp
p=1

Since a;p = 0 for 2 < p < k + 1, this simplifies det(A) = a,,C},. By definition, we know that
Cy, = (1)1 det (A;,) = det (A,;) where Ay, is k x k matrix obtained by deleting the first
row and first column of A. Since A is lower triangular, so is A;; and, as such, the induction
hypothesis applies to A,;. In other words, det (A4,,) is the product of the entries along A,,’s
main diagonal. Now, the entries on the main diagonal of A;, are the entries a.,, ass, ...,
Q(k41)(k+1) from the main diagonal of A. Hence,

det(A) = a; det (Ay;) = ayy (a22a33 e 'a(k+1)(k+1)) = Q11Q22033 * * * Q(k41)(k+1)

We have det(A) is the product of the entries along its main diagonal. This shows P(k+1) is
true, and, hence, by induction, the result holds for all n x n upper triangular matrices. The
n X n identity matrix I, is a lower triangular matrix whose main diagonal consists of all 1’s.
Hence, det (I,,) = 1, as required.



